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Abstract
Let p1; p2 denote primes such that pi ≡ 1 (mod 36); i = 1; 2. One result in this study is the
formulation of a set of sucient conditions, the satisfaction of which guarantees the existence of
Z-cyclic whist tournaments when the number of players has the form 33p1 + 1. By judiciously
representing elements and subsets of Z33p1p2 , Z-cyclic whist tournaments for 3
3p1p2 + 1 players
are shown to be directly obtainable from the tournament on 33p1+1 players. Data supporting the
sucient conditions is provided for all primes p1 such that 376p1< 5000; p1 ≡ 1 (mod 36):
? 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
A whist tournament on v players, denoted Wh(v), is a (v; 4; 3) resolvable balanced
incomplete block design where each block (a; b; c; d) can be interpreted as a whist
game (alt. table) where fa; cg are partners opposing the partners fb; dg. The design
satises the (whist) conditions that each player is a partner with every other player
exactly once (referred to as the partner condition), and each player is an opponent
of every other player exactly twice (referred to as the opponent condition). A Wh(v)
is known to exist for all v  0; 1 (mod 4) [3,9,11]. For more information and history
about whist tournaments, see [1,2].
If v = 4n + 1 a Wh(v) is said to be Z-cyclic if the players are elements in Z4n+1
and round j is obtained from round j − 1 by adding +1 (mod 4n + 1) to each player
in round j − 1. If v = 4n, a Wh(v) is said to be Z-cyclic if the players are elements
in Z4n−1 [ f1g and round j is obtained from round j− 1 by adding +1 (mod 4n− 1)
to each player in round j− 1, where 1+1=1. Any round of a Z-cyclic Wh(v) can
be used as an initial (alt. rst) round with subsequent rounds derived from it in the
manner discussed above. In the case of v = 4n + 1, it is conventional to choose the
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round for which 0 is omitted as the initial round and when v = 4n, choose the round
in which 0 and 1 are partners.
Example 1.1. For (a) and (b), only an initial round is given.
(a) Wh(13): (1, 2, 4, 8), (3, 6, 12, 11), (5, 9, 7, 10).
(b) Wh(28): (1, 11, 0, 23), (22, 25, 21, 12), (14, 3, 18, 1), (8, 9, 2, 17), (26, 24, 7,
10), (16, 20, 6, 13), (5, 15, 27, 4).
The existence of Z-cyclic whist tournaments and specializations thereof is an area of
current research interest. Anderson et al. have recently introduced a powerful method
for constructing new Z-cyclic whist tournaments from existing ones [7]. It so happens,
however, that the cases investigated here cannot be handled by the methods of [7].
Two special cases of v = 4n to be investigated here are v = 33p1 + 1 and v =
33p1p2 + 1 where p1; p2 are primes and p1; p2  1 (mod36). Dene the integer ei by
2ei=gcd(18; pi− 1). Then ei is odd and in particular ei 2 f1; 3; 9g. In this study, only
the case ei = 9, i.e. gcd(18; pi − 1) = 18, will be considered.
Partitions of the rings Z33p1 , Z32p1 and some lemmas which provide a useful structure
for these rings are presented in Section 2. Section 3 introduces a construction and
theorem for the existence of Wh(33p1 + 1). Partitions and lemmas concerning the
structure of the rings Z33p1p2 , Z32p1p2 are given in Section 4. Two constructions and
theorems for the existence of Wh(33p1p2+1) are given in Section 6. Section 7 contains
data corresponding to construction A found in Section 3.
2. Partitions and structures for Z33p1 and Z32p1
Throughout Sections 2 and 3, we write p in place of p1 for convenience.
We begin by considering the ring Z33p which can be partitioned as follows:
Z33p = P [ N  [ T  [ E [ f0g;
where P = fx :p j x; x 6= 0g; N  = fx : 9 j x; p 6 j xg; T  = fx : 3 j x; 9 6 j x; p 6 j xg, and E =
fx : 3 6 j x; p 6 j xg. Observe that jPj = 26; jNj = 3(p − 1); jT j = 6(p − 1), and jEj =
18(p − 1). The set E is commonly referred to as the reduced set of residues modulo
33p and is known to be a multiplicative group with identity 1. Since we also consider a
partition of Z32p, we adopt the notation T (33p); T (32p) and E(33p); E(32p) when
it is necessary to distinguish the ring in which these sets are contained.
Let gcd(18; p− 1)= 18 and let W be a common primitive root of 32 and p. Dene
the integer t0 by
4t0 = ord33pW = lcm(ord33W; ordpW ) = p− 1: (2.1)
Since 33 and p are non-compatible primes (i.e. 26 and p− 1 are divisible by dierent
powers of 2), then Wm 6 − 1 (mod 33p) for all 06m64t0 [5]. Let H denote the
(normal) subgroup in E(33p) that is generated by f−1; Wg, that is
H = f1; W;W 2; : : : ; W 4t′−1g [ f−1;−W;−W 2; : : : ;−W 4t′−1g:
N.J. Finizio, A.J. Merritt / Discrete Applied Mathematics 101 (2000) 115{130 117
Since each coset has order 8t0, there are 9 cosets in E(33p).
Dene y to be the unique solution of the following system of congruences
y  W (mod 33);
y  −1 (modp): (2.2)
The following lemmas provide the main ingredients for the representation given in
Theorem 2.1 for the set E(33p).
Lemma 2.1. y 62 H .
Proof. For the sake of contradiction, assume y 2 H . Then y  Wk (mod 33p) for
some integer k; 06k64t0 − 1. Thus
Wk  W (mod 33);
W k  1 (modp):
Hence (k−1) is a multiple of 9 and k is a multiple of (p−1)=2. Since gcd(18; p−1)=
18, we know 9 j (p−1)=2: Thus (k−1) and k are both multiples of 9, a contradiction.
Lemma 2.2. y9  −1 (mod 33p):
Proof. From (2.2) we have
y9  W 9 (mod 33)  −1 (mod 33);
y9  (−1)9 (modp)  −1 (modp):
Denition 2.1. Let H be a subgroup of a nite abelian group G. Let z 2 G. By the
indicator of z in H , denoted indicH (z), is meant the smallest positive integer n such
that zn 2 H . If z 2 H then indicH (z) = 1: [see 8]
Lemma 2.3. indicH (y) = 9:
Proof. Let  = indicH (y). By Lemma 2.2, 69; and  j 9: By Lemma 2.1,  6= 1:
Hence, it suces to show that  6= 3:
For the sake of contradiction, assume = 3. There exists, then, an integer k, where
06k64t0 − 1; such that y3  Wk (mod 33p). Thus, by (2.2),
W 3  Wk (mod 33);
−1  Wk (modp):
Hence (k − 3) and k are both multiples of 9, a contradiction.
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Theorem 2.1. Let y satisfy (2:2). Then
E(33p) =
8[
j=0
yjH: (2.3)
This is a direct result of Lemma 2.3 and the fact that the factor group E(33p)=H is
of order 9.
Note that T (33p) can be identied with E(32p) via the map x ! 3x; x 2 E(32p).
Let w be dened by W  w (mod 32p): Of course, w is a primitive root of 32 and p.
Then
ord32pw = lcm(ord32w; ordpw) = p− 1:
Hence ord32pw = ord33pW = 4t0: H 0 denotes the (normal) subgroup in E(32p) that is
generated by f−1; wg, then
H 0 = f1; w; w2; : : : ; w4t′−1g [ f−1;−w;−w2; : : : ;−w4t′−1g;
and there are 3 cosets in E(32p).
Now dene y0 by the following system of congruences
y0  w (mod 32);
y0  −1 (modp): (2.4)
Lemma 2.4. y0 62H 0:
Proof. If we assume that y0  wk (mod 32p), then, much as in the proof of
Lemma 2.1, we arrive at the contradiction that both (k − 1) and k are multiples of 6.
Lemma 2.5. (y0)3  −1 (mod 32p):
Proof. Clearly
(y0)3  w3 (mod 32)  −1 (mod 32);
(y0)3  (−1)3 (modp)  −1 (modp):
Corollary 2.1. indicH ′(y0) = 3:
Corollary 2.2. Let y0 satisfy (2:4). Then
E(32p) =
2[
j=0
(y0) jH 0:
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Corollary 2.3.
T (33p) =
2[
j=0
3yjH:
3. Wh(33p1 + 1)
We will construct three collections of whist tables, which when taken together will
form an initial round of a Wh(33p+ 1). First, for the set P [ f0;1g, use the Wh(28)
of Example 1.1(b) and multiply each element by p, where 1p=1. Second, since
the set N  can be identied with T  [ E of Z3p, use Moore's construction as adapted
by Anderson and Finizio [4,12] and multiply each element by 9. We now introduce a
construction for the remaining set T  [ E.
Construction A: Let y 2 E be dened by (2.2). Let ; ;  be such that
 2 y0H;  2 y3H;  2 y6H: (3.1)
Form two tables as follows:
y j(; 3;−;−3) times 1; W; : : : ; W 4t′−1; j = 0; 1; 2; (3.2)
yj(; ;−;−) times 1; W; : : : ; W 4t′−1; j = 0; 1; 2: (3.3)
Certainly Tables (3.2) and (3.3) exhaust T [E. Consider the whist dierences from
Tables (3.2) and (3.3).
The partner dierences are
y j2 times 1; W; : : : ; W 4t′−1; j = 0; 1; 2;
yj6 times 1; W; : : : ; W 4t′−1; j = 0; 1; 2;
yj2 times 1; W; : : : ; W 4t′−1; j = 0; 1; 2;
yj2 times 1; W; : : : ; W 4t′−1; j = 0; 1; 2:
The opponent dierences are (note that each dierence occurs twice)
yj(− 3) times 1; W; : : : ; W 4t′−1; j = 0; 1; 2;
yj( − ) times 1; W; : : : ; W 4t′−1; j = 0; 1; 2;
yj(+ 3) times 1; W; : : : ; W 4t′−1; j = 0; 1; 2;
yj( + ) times 1; W; : : : ; W 4t′−1; j = 0; 1; 2:
We claim that each of the following is a set of sucient conditions for Tables (3.2)
and (3.3) to be a collection of initial round tables for the set T  [ E.
(SC-1) If    (mod 3), then − 3 2 ya1H; +  2 ya2H and +3 2 ya3H where
ai − ak = ak − aj = 3 for some combination i; j; k such that fi; j; kg= f1; 2; 3g.
(SC-2) If  6  (mod 3), then −  2 yc1H; − 3 2 yc2H and + 3 2 yc3H where
ci − ck = ck − cj = 3 for some combination i; j; k such that fi; j; kg= f1; 2; 3g.
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Theorem 3.1. Let p be a prime such that p  1 (mod 36); p>37. If there exists a
common primitive root; W; of 32; p and if there exists ; ;  such that (3:1) holds
and either (SC-1) or (SC-2) is satised; then Tables (3:2) and (3:3) constitute initial
round tables satisfying the whist conditions for the set T  [ E.
Proof. Clearly the partner condition is satised on the set T  [ E.
If    (mod 3), then −   0 (mod 3) and yj(− ) times 1; W; : : : ; W 4t′−1 for
j=0; 1; 2 cover all the elements of T  exactly once. Also, −3 2 ya1H; + 2 ya2H
and + 3 2 ya3H for some integers a1; a2; a3 where 06a1; a2; a368. In order for
y j(− 3) times 1; W; : : : ; W 4t′−1;
yj( + ) times 1; W; : : : ; W 4t′−1
and
yj(+ 3) times 1; W; : : : ; W 4t′−1
for j=0; 1; 2 to cover (exactly once) all the elements of E, we must have ja1−a2j=3b1
and ja1 − a3j = 3b2 where b1; b2 2 f1; 2g and b1 6= b2. Thus (SC-1) guarantees the
satisfaction of the opponent condition on the set T  [ E.
If  6  (mod 3), then +   0 (mod 3) and yj(+ ) times 1; W; : : : ; W 4t′−1 for
j=0; 1; 2 cover all the elements in T  exactly once. Now −  2 yc1H; − 3 2 yc2H
and + 3 2 yc3H for some integers c1; c2; c3 where 06c1; c2; c368. In order for
y j( − ) times 1; W; : : : ; W 4t′−1;
yj(− 3) times 1; W; : : : ; W 4t′−1
and
yj(+ 3) times 1; W; : : : ; W 4t′−1
for j=0; 1; 2 to cover (exactly once) all the elements of E, we must have jc1−c2j=3b1
and jc1 − c3j = 3b2 where b1; b2 2 f1; 2g and b1 6= b2. Thus (SC-2) guarantees the
satisfaction of the opponent condition on the set T  [ E.
Example 3.1. Wh(1000) =Wh(33  37 + 1):
For the set P [ f0;1g, take the initial round tables of the Wh(28) found in
Example 1.1(b) and multiply each element by 37.
For the set N , take the initial round tables obtained through Moore's construction
[4,12] with W = 2; = 9 and S = 68, and multiply each element by 9.
For the set T [E, the initial round tables formed by Construction A are as follows:
110 j(800; 3; 199; 996) times 1; 2; : : : ; 236; j = 0; 1; 2:
110 j(926; 358; 73; 641) times 1; 2; : : : ; 236; j = 0; 1; 2:
Observe that (SC-2) is satised where c1 = 7; c2 = 1; c3 = 4; b1 = 2; b2 = 1.
N.J. Finizio, A.J. Merritt / Discrete Applied Mathematics 101 (2000) 115{130 121
In Section 7 we provide data for generating Wh(33p+1) for all primes p satisfying
p  1 (mod 36), and 376p< 5000.
4. Partitions and structures for Z33p1p2 and Z32p1p2
Let p1; p2 be primes such that pi  1 (mod 36): Consider the ring Z33p1p2 and
partition it as follows:
Z33p1p2 = P2 [ P1 [ N  [ T  [ E [ f0g; (4.1)
where P2=fx :p2 j x; x 6= 0g; P1 =fx : p1jx; p2 6 j xg; N =fx : 9 j x; p1 6 j x; p2 6 j xg; T =
fx : 3 j x; 9 6 j x; p1 6 j x; p2 6 j xg, and E = fx : 3 6 j x; p1 6 j x; p2 6 j xg. Observe that jP2j= 33p1
− 1; jP1 j = 33(p2 − 1); jN j = 3(p1 − 1)(p2 − 1); jT j = 6(p1 − 1)(p2 − 1), and
jEj= 18(p1 − 1)(p2 − 1).
Let W be a common primitive root of 32, p1, and p2. Dene the integer t by
4t = ord33p1p2W = lcm(ord33W; ordp1W; ordp2W )
=
(p1 − 1)(p2 − 1)
gcd(p1 − 1; p2 − 1) : (4.2)
Then Wm 6 −1 (mod 33p1p2) for all 06m64t [5].
Let 4‘ = gcd(p1 − 1; p2 − 1). Then 9 j ‘. Also, p1 − 1 = 4‘t1 and p2 − 1 = 4‘t2
for some positive integers t1; t2. Throughout the remainder of this study we assume
p1<p2, thus it follows that t1<t2. Hence t1>1 and t2>2.
Once more, consider
H = f1; W;W 2; : : : ; W 4t−1g [ f−1;−W;−W 2; : : : ;−W 4t−1g
and note that E(33p1p2) has 36‘ cosets.
Dene x 2 E(33p1p2) to be the unique solution of the system
x  1 (mod 33);
x  1 (modp1);
x  W (modp2)
(4.3)
and y 2 E(33p1p2) to be the unique solution of the system
y  W (mod 33);
y  −1 (modp1);
y  −1 (modp2):
(4.4)
Remarks. Replacing p by p1 in (2.1) and comparing with (4.2) it follows that 4t0< 4t.
Also, y as dened in (4.4) is an extension of the element y dened by (2.2).
The following lemmas are the main ingredients for the representation result contained
in Theorem 4.1 below.
Lemma 4.1. x 62 H .
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Proof. Suppose otherwise, then x  Wk (mod 33p1p2) for some integer k; 06k6
4t − 1.
It then follows from (4.3) that
Wk  1 (mod 33);
W k  1 (modp1);
W k  W (modp2):
Hence, k is a multiple of 9 and (k−1) is a multiple of (p2−1)=2. Thus k and (k−1)
are both multiples of 9, a contradiction.
Lemma 4.2. Let (A;−B) denote the smallest non-negative solution of the linear dio-
phantine equation t1a+ t2b= 1. Then x4‘  +WA(p1−1) (mod 33p1p2).
Proof. Since p1 − 1 = 4‘t1; p2 − 1 = 4‘t2 and (A;−B) is a solution to t1a+ t2b= 1,
then
A(p1 − 1) = B(p2 − 1) + 4‘:
Now
x4‘  1 (mod 33)  (W 18)A(p1−1)=18(mod 33)  WA(p1−1)(mod 33);
x4‘  1 (modp1)  (Wp1−1)A(modp1)  WA(p1−1)(modp1);
x4‘  W 4‘ (modp2)  (Wp2−1)B(W 4‘)(modp2)  WA(p1−1)(modp2):
Lemma 4.3. indicH (x) = 4‘:
Proof. Let  = indicH (x). By Lemma 4.2, 64‘ and  j 4‘: By Lemma 4.1,  6= 1.
By denition,  is the smallest positive integer such that x  Wk (mod 33p1p2) for
some integer k; 06k64t − 1. Thus
1  Wk (mod 33);
1  Wk (modp1);
W   Wk (modp2):
Hence k is a multiple of both 9 and (p1−1)=2, and (−k) is a multiple of (p2−1)=2.
Let
k = c1

p1 − 1
2

and  − k = c2

p2 − 1
2

;
where c1; c2 are integers. Then = c2((p2−1)=2)+ c1((p1−1)=2), and  is a multiple
of gcd((p1 − 1)=2; (p2 − 1)=2) = 2‘. It suces to show that  6= 2‘.
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For the sake of contradiction, assume  = 2‘. If x2‘  +Wk (mod 33p1p2), then
1  Wk (modp1);
W 2‘  Wk (modp2);
which implies that k = d1(p1 − 1) and 2‘− k = d2(p2 − 1), where d1; d2 are integers.
Thus 2‘ = d1(p1 − 1) + d2(p2 − 1) and so 2‘ is a multiple of 4‘, a contradiction.
If x2‘  −Wk (mod 33p1p2), then
1  −Wk (modp1);
which implies that k is even. Since
Wk  −1 (mod 33);
then k  9 (mod 18), so k is odd, a contradiction.
Lemma 4.4. y 62 H .
Proof. Suppose y 2 H . Then y  Wk (mod 33p1p2) for some k, 06k64t − 1.
Hence
Wk  W (mod 33);
W k  1 (modp1);
W k  1 (modp2):
Hence (k − 1) and k are both multiples of 9, a contradiction.
Lemma 4.5. y9  −1 (mod 33p1p2):
Proof. From (4.4), it follows that
y9  W 9 (mod 33)  −1 (mod 33);
y9  (−1)9 (modp1)  −1 (modp1);
y9  (−1)9 (modp2)  −1 (modp2):
Lemma 4.6. indicH (y) = 9.
Proof. Let  = indicH (y). By Lemma 4.5, 69 and  j 9. By Lemma 4.4,  6= 1.
Hence, it suces to show that  6= 3.
Suppose that  = 3. Then there exists an integer k, 06k64t − 1, such that y3 
Wk (mod 33p1p2). By (4.4)
Wk  W 3 (mod 33);
W k  1 (modp1);
W k  1 (modp2):
Thus (k − 3) and k are both multiples of 9, a contraction.
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Lemma 4.7. yH 62 hxH i.
Proof. This result follows from the stronger fact that yr 6 xW k (mod33p1p2) for all
integers r<9: For the latter, if yr  xW k (mod 33p1p2) then Wr  Wk (mod 33)
and −1  Wk (modp1). Consequently both r − k and k are multiples of 9 so that r
is a multiple of 9, a contradiction.
Theorem 4.1. Let x and y satisfy (4:3) and (4:4); respectively. Then
E(33p1p2) =
4‘−1[
i=0
8[
j=0
x iy jH: (4.5)
(4.5) is a direct result of Lemmas 4.3, 4.6, 4.7 and the fact that E(33p1p2)=H is a
nite group of order 36‘.
Note that T (33p1p2) can be identied with E(32p1p2). Let w be dened by W 
w (mod 32p1p2): Observe that w is a primitive root of 32; p1, and p2 and ord32p1p2w=
4t. Let H 0 denote the (normal) subgroup in E(32p1p2) that is generated by f−1; wg,
that is
H 0 = f1; w; w2; : : : ; w4t−1g [ f−1;−w;−w2; : : : ;−w4t−1g:
Since each coset has order 8t, there are 12‘ cosets in E(32p1p2).
Let x0 and y0 be such that
x  x0 (mod 32p1p2);
y  y0 (mod 32p1p2):
Lemmas 4.8{4.14 below enable us to establish the representation for E(32p1p2)
given in Theorem 4.2. Their proofs are very similar to the proofs of Lemmas 4.1{4.7,
and are therefore omitted.
Lemma 4.8. x0 62 H 0.
Lemma 4.9. Let (A;−B) denote the smallest non-negative solution of the linear dio-
phantine equation t1a+ t2b= 1. Then (x0)4‘  +wA(p1−1) (mod 32p1p2).
Lemma 4.10. indicH ′(x0) = 4‘:
Lemma 4.11. (y0) 62 H 0.
Lemma 4.12. (y0)3  −1 (mod 32p1p2):
Lemma 4.13. indicH ′(y0) = 3:
Lemma 4.14. y0H 0 62 hx0H 0i.
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Theorem 4.2. Let x0 and y0 be unique solutions of
x0  1 (mod 32); y0  w (mod 32);
x0  1 (modp1); y0  −1 (modp1);
x0  w (modp2); y0  −1 (modp2):
Then
E(32p1p2) =
4‘−1[
i=0
2[
j=0
(x0) i(y0) jH 0:
Since T (33p1p2) can be identied with E(32p1p2) via the map x ! 3x for all
x 2 E(32p1p2), then
T (33p1p2) =
4‘−1[
i=0
2[
j=0
3x iy jH: (4.6)
5. Element representation in Z33p1p2
Each element z 2 Z33p1p2 can be represented in the form
z = a+ h(33p1); (5.1)
where a 2 Z33p1 and h=0; 1; : : : ; p2−1: Thus, each a 2 Z33p1 \gives rise" to p2 elements
in Z33p1p2 .
Suppose that z 2 Z33p1p2 is a multiple of p2. Now, for xed a, a + h1(27p1) 
a + h2(27p1) (modp2) if and only if h1  h2 (modp2). Thus as h varies from 0 to
p2 − 1, all values (modp2) are taken by a + h(27p1) and so precisely one value
h of h gives z as a multiple of p2. Clearly if a  0 (modp2), then ha = 0. Thus,
each a 2 Z33p1 \gives rise" to exactly one multiple of p2 and to (p2 − 1) elements
in Z33p1p2 that are not multiples of p2. Call these (p2 − 1) elements the derivates of
a. The following lemma is an obvious consequence of this latter denition and the
representation (5.1).
Lemma 5.1. For a 2 Z33p1
(i) if a 2 P1 (33p1); then the derivates of a belong to P1 (33p1p2);
(ii) if a 2 N (33p1); then the derivates of a belong to N (33p1p2);
(iii) if a 2 T (33p1); then the derivates of a belong to T (33p1p2);
(iv) if a 2 E(33p1); then the derivates of a belong to E(33p1p2).
From (2.3), each cyclic set in E(33p1) is of the form
fy j; y jW; : : : ; y jW 4t′−1g (5.2)
or
f−yj;−yjW; : : : ;−yjW 4t′−1g; (5.3)
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where 4t0 = ord33p1W and 06j68. The set (5.2) will be refered to as the power
sequence of yj and (5.3) as the power sequence of −yj. Consequently, for every
integer i, 06i64‘ − 1, the cyclic set
Aij = fx iy j; x iy jW; : : : ; x iy jW 4t−1g;
where 4t = ord33p1p2W and 06j68, contains the power sequence of y
j in its natural
order exactly t2 times.
Likewise, the cyclic set
Bij = f−x iy j;−x iy jW; : : : ;−x iy jW 4t−1g
contains the power sequence of −yj in its natural order exactly t2 times.
Thus, if a 2 y jH , say a  yjW k (mod 33p1) for some integer k, 06k64t0 − 1,
then each cyclic set Aij contains exactly t2 derivates of a and these derivates are
x iy jW k ; x iy jW k+(4t=t2); : : : ; x iy jW k+(t2−1)(4t=t2), i.e. x iy jW k+c(4t=t2) for c=0; 1; : : : ; t2−1.
Similarly, if a  −y jW k (mod 33p1) for some integer k, 06k64t−1, then each cyclic
set Bij contains exactly t2 derivates of a and these derivates are −x iy jW k+c(4t=t2) for
c = 0; 1; : : : ; t2 − 1.
Hence, for each j = 0; 1; : : : ; 8, the derivates of each a 2 y jH are contained in
4‘−1[
i=0
x iy jH:
Lemma 5.2. If z 2 x iy jH for some 06i64‘ − 1; 06j68; then z0 2 yjH where
z  z0 (mod 33p1) and yjH refers to the representation (2:3).
6. Wh(33p1p2 + 1)
In this section we demonstrate that the structure introduced in Section 4 together with
the materials of Section 5 enable us to construct initial round tables for T (33p1p2)[
E(33p1p2) directly from the initial round tables for T (33p1)[E(33p1). More speci-
cally, if ; ;  are satisfactory for Theorem 3.1 (with p replaced by p1), then ; ;  or
derivates of them lead to initial round tables for T (33p1p2)[ E(33p1p2). The details
are contained in Theorems 6.1 and 6.2 below but rst we outline the construction of
the totality of initial round tables for a Z-cyclic Wh(33p1p2 + 1).
Assume that Z33p1p2 has been partitioned as in (4.1) and that p1 and p2 are such
that Z-cyclic Wh(33pi + 1) are constructable via the method of Section 3. Using the
construction described in Section 3, the collection of whist tables for the set P2[f0;1g
is obtained by taking a Wh(33p1 + 1) and multiplying each element by p2. For the set
P1 , rst partition P

1 into two sets, P

1 = P1N [ P^1 where P1N = fx 2 P1 : 9 j xg and
P^1 = fx 2 P1 : 9 6 j xg. Then jP1N j = 3(p2 − 1) and jP^1j = 24(p2 − 1). Since P1N can
be identied with T  [ E in Z3p2 apply the constructions of [4,12] and multiply each
element by p1. Since P^1 can be identied with T  [E in Z33p2 , use Construction A of
Section 3 and multiply each element by p1. Next, observe that N  can be identied
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with T [E in Z3p1p2 . If p1 and p2 are non-compatible, apply the construction of [10]
and multiply each element by 9. If p1 and p2 are compatible, apply the construction
of [6] and multiply each element by 9. Thus, it remains to construct whist tables for
T  [ E.
Construction B: Let x; y 2 E be dened by (4.3) and (4.4), respectively. Let ; ; 
be such that
 2 xay0H;  2 xby3H;  2 xcy6H; (6.1)
where 06a; b; c64‘ − 1. Form two sets of tables as follows:
x iy j(; 3;−;−3) times 1; W; : : : ; W 4t−1; i = 0; 1; : : : ; 4‘ − 1; j = 0; 1; 2: (6.2)
x iy j(; ;−;−) times 1; W; : : : ; W 4t−1; i = 0; 1; : : : ; 4‘ − 1; j = 0; 1; 2: (6.3)
(SC-3) If    (mod 3), then − 3 2 xy a1H; +  2 xfya2H and +3 2 xgy a3H
where ai − ak = ak − aj = 3 for some combination i; j; k such that fi; j; kg= f1; 2; 3g.
(SC-4) If  6  (mod 3), then −  2 xryc1H; − 3 2 xsyc2H and +3 2 xuyc3H
where ci − ck = ck − cj = 3 for some combination i; j; k such that fi; j; kg= f1; 2; 3g.
Theorem 6.1. For i = 1; 2; let pi denote primes such that pi  1 (mod 36); pi>37;
and assume p1<p2. If there exists a common primitive root; W; of 32; p1; p2 and
integers ; ;  such that
(i) (6:1) holds;
(ii) ; ; ; − 3; + 3;  − ;  +  6 0 (modp2); and
(iii) (SC-3) or (SC-4) holds;
then Tables (6:2) and (6:3) constitute initial round tables that satisfy the whist
conditions for the set T  [ E.
Proof. By (ii) and Lemma 5.2 we can choose ; ;  to be precisely those elements
satisfying the whist conditions for T (33p1) [ E(33p1).
Of course if hypothesis (ii) of Theorem 6.1 is violated, then modications are in
order. To this end we introduce the following construction.
Construction C: Let x; y 2 E be dened by (4.3) and(4.4), respectively. Let ; ; 
satisfy (6.1).
Form two sets of tables as follows:
x iy j(+ 2h(33p1); 3 + h(33p1);−− 2h(33p1);−3− h(33p1))
times 1; W; : : : ; W 4t−1; i = 0; 1; : : : ; 4‘ − 1; j = 0; 1; 2: (6.4)
x iy j( + 2h(33p1); + h(33p1);− − 2h(33p1);−− h(33p1))
times 1; W; : : : ; W 4t−1; i = 0; 1; : : : ; 4‘ − 1; j = 0; 1; 2: (6.5)
where h is an integer, 06h6p2 − 1.
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We claim the following is a set of sucient conditions for Tables (6.4) and (6.5)
to be a collection of whist tables for the set T  [ E.
(SC-5) h 6= h3 ; h−3; h ; h−.
(SC-6) 2h 6 h ; h6 ; h; h2 (modp2).
(SC-7) 3h 6 h+3; h+ (modp2).
(SC-8) 4h 6 h2; h2 (modp2).
Theorem 6.2. For i = 1; 2; let pi denote a prime such that pi  1 (mod 4); pi>37;
gcd(18; pi − 1) = 18 and p1<p2. If there exists a common primitive root; W; of
32; p1; p2; integers ; ;  such that (6:1) holds; one or more of f; ; ;  − 3;  + 3;
 − ;  + g  0 (modp2) and (SC-5){(SC-8) hold along with either (SC-3) or
(SC-4); then Tables (6:4) and (6:5) constitute initial round tables that satisfy the
whist conditions for the set T  [ E.
Proof. To ensure that the elements of Tables (6.4) and(6.5) occur exactly once in
T  [ E, the elements + 2h(33p1); 3 + h(33p1); + 2h(33p1); + h(33p1) must not be
congruent to zero modulo p2. That is, h 6= h3 ; h and 2h 6 h ; h (modp2). In order for
the partner dierences to be elements in T  [E, we require that 2h 6 h6 ; h2 (modp2)
and 4h 6 h2; h2 (modp2). Likewise, for the opponent dierences to be elements in
T [E, we need that h 6= h−3; h− and 3h 6 h+3; h+ (modp2). Thus (SC-5){(SC-8)
guarantee that all the elements, together with the partner and opponent dierences for
Tables (6.4) and (6.5) all belong to T  [ E.
Clearly the partner condition is satised on the set T  [ E.
If    (mod 3), then x iy j(− + h(33p1)) times 1; W; : : : ; W 4t−1 for i=0; 1; : : : ;
4‘− 1; j = 0; 1; 2 cover all the elements of T  exactly once. Also, − 3 + h(33p1) 2
xy a1H; + +3h(33p1) 2 xfya2H and +3+3h(33p1) 2 xgy a3H for some integers
; f; g; a1; a2; a3 where 06; f; g64‘ − 1 and 06a1; a2; a368. In order for the three
collections of elements
x iy j(− 3 + h(33p1)) times 1; W; : : : ; W 4t−1;
x iy j( + + 3h(33p1)) times 1; W; : : : ; W 4t−1
and
x iy j(+ 3 + 3h(33p1)) times 1; W; : : : ; W 4t−1
for i = 0; 1; : : : ; 4‘ − 1; j = 0; 1; 2 to cover all the elements of E, we must have ja1
− a2j = 3b1 and ja1 − a3j = 3b2 where b1; b2 2 f1; 2g and b1 6= b2. Thus (SC-3)
guarantees the satisfaction of the opponent condition on the set T  [ E.
If  6  (mod 3), then x iy j( +  + 3h(33p1)) times 1; W; : : : ; W 4t−1 for i =
0; 1; : : : ; 4‘ − 1; j = 0; 1; 2 cover all the elements of T  exactly once. Also,  − 
+ h(33p1) 2 xryc1H;  − 3 + h(33p1) 2 xsyc2H and  + 3 + 3h(33p1) 2 xuyc3H for
some integers r; s; u; c1; c2; c3 where 06r; s; u64‘− 1 and 06c1; c2; c368: In order for
the three collections of elements
x iy j( − + h(33p1)) times 11; W; : : : ; W 4t−1;
x iy j(− 3 + h(33p1)) times 1; W; : : : ; W 4t−1
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and
x iy j(+ 3 + 3h(33p1)) times 1; W; : : : ; W 4t−1
for i = 0; 1; : : : ; 4‘ − 1; j = 0; 1; 2 to cover all the elements of E, we must have
ja1 − a2j = 3b1 and ja1 − a3j = 3b2 where b1; b2 2 f1; 2g and b1 6= b2. Thus (SC-4)
guarantees the satisfaction of the opponent condition on the set T  [ E.
7. Data
In this section, data is provided which guarantees the existence of a Wh(33p + 1)
for primes p; 376p< 5000; p  1 (mod 36).
(p;W; y; ; ; )
(37, 2, 110; 800, 926, 358), (73, 5, 437; 1, 1826, 20),
(109, 11, 1307; 2129, 764, 1148), (181, 2, 542; 8, 2897, 3386),
(397, 5, 2381; 3092, 9926, 1168), (541, 2, 1622; 256, 3788, 9866),
(433, 5, 2597; 125, 6929, 8188), (577, 5, 3461; 46, 4040, 12197),
(613, 2, 1838; 2, 9809, 25), (757, 2, 2270; 32, 5300, 11032),
(829, 2, 2486; 2, 13265, 7477), (937, 5, 5621; 625, 23426, 11558),
(1009, 11, 12107; 1, 25226, 11299), (1117, 2, 3350; 4, 27926, 28298),
(1153, 5, 6917; 25, 28826, 6676), (1297, 20, 27236; 13271, 9080, 20563),
(1549, 2, 4646; 4, 38726, 33485), (1621, 2, 4862; 32, 11348, 29180),
(1657, 11, 19883; 26834, 41426, 15034), (1693, 2, 5078; 8, 27089, 15493),
(1801, 11, 21611; 11, 28817, 35501), (1873, 41, 28094; 1, 13112, 42536),
(2161, 23, 51863; 1, 34577, 37622), (2017, 5, 12101; 625, 50426, 18158),
(2053, 2, 6158; 2, 14372, 18733), (2089, 14, 31334; 47911, 14624, 48206),
(2269, 2, 6906; 64, 15884, 36419), (2341, 50, 56183; 2500, 58526, 60602),
(2377, 5, 14261; 1, 38033, 35339), (2521, 23, 60503; 46040, 17648, 22712),
(2557, 5, 15341; 45430, 63926, 50105), (2593, 11, 31115; 121, 18152, 776),
(2917, 5, 17501; 62909, 46673, 24313), (2953, 38, 35435; 38, 73826, 56126),
(3061, 14, 45914; 41942, 21428, 66128), (3169, 14, 47537; 2744, 22184, 55474),
(3313, 20, 69572; 400, 53009, 59654), (3457, 56, 10370; 76220, 24200, 25807),
(3529, 74, 74108; 55711, 56465, 4192), (3637, 2, 10910; 32, 58193, 32737),
(3673, 5, 22037; 7286, 58769, 84325), (3709, 41, 55634; 21322, 25964, 39170),
(3853, 20, 80912; 8000, 61649, 98143), (3889, 29, 11666; 77263, 27224, 61492),
(4177, 20, 87716; 42188, 66833, 84814), (4357, 38, 52283; 1, 108926, 87257),
(4789, 65, 57467; 4225, 119726, 47326), (4861, 29, 14582; 1, 34028, 94795),
(4933, 74, 103592; 1, 78929, 49873), (4969, 110, 14906; 12100, 34784, 89552).
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